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The full extent to which geometrical and numerical
relationships were understood and used in ancient times
is not known. The beginnings of geometry dates back to
the time of the Babylonians and Egyptians. The word
"geometry" is derived from the Greek root "geo" mean
ing earth and from "metrein" meaning measure. Geometry
was important to early peoples in handling problems in
volving land areas, building volumes, shapes for utensils,
weapons, etc. Until about 100 BC all mathematical know
ledge consisted of numerous formulas or procedures that
were obtained by experimenting rather than from any
formal logical system.
It is not certain who first had the idea of trying
to prove a mathematical rule by reasoning rather than by
testing it. Although both Thales (640-546 BC) and
Pythagoras (born 582 BC) have been given credit for the
idea, some historians believe that geometry was introduced
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to Greece by Thales and that he produced the first proof
of a geometric generality or theorem.
Over the next three hundred years, the mathematics
of geometry grew rapidly. Greek geometers continued to
prove theorems and gradually bu'ilt a body of geometric
knowledge. The mathematician Euclid (365-275 BC) unified
the mass of geometric findings by constructing the first
definite formal system of mathematics. His work was called
"The Elements".2
Following Euclid, Greek geometry continued to
flourish, with such great mathematicians as Archimedes
and Apollonius, until around 100 BC. Western mathematics
went into a decline with the rise of the Roman Empire
and had reached a standstill by the time of the fall of
Rome early in the fifth century.
In the period up to the twelfth century, the Hindu-
Arabic numbering system was devised and the development
of Algebra had begun. During the 13th and 14th centuries,
Moslem scholars introduced Hindu-Arabic mathematics to
Western Europe. Euclid's geometry did not become a part
Paul J. Kelley and Norman E. Lacld. Geometry
(Scott, Foresman and Company, USA, 1965), p. 16.
2 Ibid. , p. 16.
of Western Europe's knowledge until the latter part of
the 15th century.
By the end of the 16th century, Euclidean geometry
was widely understood and Italian and French mathemati
cians had made accomplishments in Algebra. By the early
17th century Algebra was combined with geometry in the
making of analytic geometry by Rene Descartes.
The Greek method of doing mathematics within a
clearly stated system, with all reasoning referred to
definite axioms was restricted to elementary geometry.
The idea that all mathematics had the same systematic
make-up and could and should be developed in the same
manner did not materialize until the end of the 19th
century.
The Greek and the succeeding mathematicians felt
that the initial rules of abstract geometry were dic
tated by the simple facts of physical experience. They
thought of these rules or axioms as self-evident
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truths.
One fact of experience that Euclid formulated as an
axiom was the parallel postulate: If a point p is not
in a line t, then, in the plane of p and t, there is
3Ibid., p. 17.
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exactly one line which passes through p and does not
intersect t. Because Euclid developed many theorems be
fore he made use of this postulate, many mathematicians
thought the theorems could be proved from other axioms.
In 1829 Nikolai Lobachevsky developed a system of
geometry by starting in the same manner as Euclid and by
developing the same thoerems until the parallel postulate
was needed. Then, instead of making use of Euclid's
parallel postulate, Lobachevsky made the following as
sumption: If a point p is not in a line t, then in the
plane of p and t, there are always at least two differ
ent lines that pass through p and do not intersect t.
Using this new postulate, Lobachevsky constructed and
developed a geometry different from Euclid's but one
that was built based on logical reasoning.
This non-Euclidean geometry was found to be just
4
as logically consistent as that of Euclid. Other non-
Euclidean geometries were then constructed.
By 1930, J. Bolyai (1802-1860), a Hungarian Army
officer, N. I. Lobachevsky (1793-1856), a Russian profes
sor of Mathematics at the University of Kazan, and Gauss
4Ibid., p. 18.
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had developed theories of geometry based on a contradic
tion of Euclid's parallel postulate. They assumed that
there is more than one line parallel to a given line
through an external point. Bolyai and Lobachevsky are
usually given credit as the discoverers of the new theory.
Later, in 1857, the German mathematician B. Riemann
(1826-1866) introduced a different non-Euclidean theory
of geometry based on the assumption that there are no
parallel lines.
1.2 Incidence Geometry
An incidence geometry is a system involving three
primitive ideas; point, line and plane, which essentially
satisfy Hubert's postulates of incidence.
All the familiar kinds of geometry with the excep
tion of spherical geometry can be characterized as in
cidence geometries which satisfy one or more additional
postulates concerning parallelism, order, congruence,
and continuity. The following chart indicates the rela
tion of various types of geometry to incidence geometry.
The Hilbert Postulates are listed below.
HILBERTS'S AXIOMS
AXIOM 1. There is one and only one line passing through
any two given (distinct) points.
AXIOM 2. Every line contains at least two points and















The relationship between various types
of geometry and incidence geometry
on i t .
AXIOM 3. If a point B lies between the pts. A and C,
then A,B, and C all lie on the same line, and
B lies between C and A, and C does not lie be
tween B and A, and A'does not lie between B
and C.
AXIOM 4. Given any two (distinct) points A and C, there
can always be found a pt. B which lies between
A and C, and a pt. D such that C lies between
A and D.
AXIOM 5. If A, B, C are (distinct) points on the same
line, one of the three pts. lies between the
other two.
Definition. The segment (or closed interval) AC
consists of the pts. A and C and of all pts.
which lie between A and C. A pt. B is said to
be on the segment AC if it lies between A and
C, or is A or C.
Definition. Two lines, a line and a segment, or two
segments are said to intersect each other if
there is a pt. which is on both of them.
Definition. The triangle A B C consists of three
segments AB, BC and CA (called the sides of the
triangle), provided A, B and C (called vertices)
are not on the same line.
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AXIOM 6. A line which intersects one side of a triangle
and does not pass through any of the vertices
must also intersect one other side of the tri
angle .
AXIOM 7. If A and B are (distinct) pts. and A' is a pt.
on a line 1, there exist two and only two (dis
tinct) pts. B' and B" on 1 such that the pair
of pts. A', B' is congruent to the pair A, B
and the pair of pts. A', B" is congruent to
the pair of pts. A', B', moreover A1 lies be
tween B' and B".
AXIOM 8. Two pairs of pts. congruent to the same pair
of pts. are congruent to each other.
AXIOM 9. If B lies between A and C and B' lies between
A' and C' , and A, B is congruent to A' , B' ,
and B, C is congruent to B' , C ,then A, C
in congruent to A' , C .
Definition. Two segments are congruent if their end-
points are congruent pairs of points.
Definition. The ray A C consist of all points B which
lies between A, C, the point C itself, and all
points D such that C lies between A and D. The
ray AC is said to be from the point A.
Definition. The unglo BAG consists of the pt. A and
the two rays A B and A C.
Definition. If ABC is a triangle, the three angles
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BAG, A C B, C B A are caLled the angles of
the triangle. Moverover the angle BAC is said
to be included between the sides A B and A C of
the triangle.
AXIOM 10. If B A C is an angle whose sides do not lie in
the same line, and B' and A' are (distinct)
pts., there exists two and only two (distinct)
rays, A'C and A1C" , from A' such that the
angle B'A'C'is congruent to the angle BAC,
and the angle B' A' C" is congruent to the
angle B A C moreover E' is any point on the
ray A'C and E" is any pt. on the ray A' C" ,
the segment E" intersects the line A' B' .
AXIOM 11. Every angle is congruent to itself.
AXIOM 12. If two sides and the included angle of one
triangle are congruent respectively to two
sides and the incLuded angle of another tri
angle, then the remaining angles of the first
triangle are congruent each to the correspond
ing angle of the second triangle.
AXIOM 13. Through a given pt. A not on a given line
1, there passes at most one line which does
not intersec t 1 .
AXIOM 14. If A, B, C, D are (distinct) pts., there exists
on the ray A B a finite set of (distinct) pts.
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A ,, A9,... A such that (1) each of the pairs
A,, A • A , A9;...; A Is congruent to
the pairs C, D, and (2) B lies between A and
V
AXIOM 15. The pts. of a line form a system of pts. such
that no new pts. can be added to the space
and assigned to the line without causing the
line to violate one of the first eight axioms
of Axiom 14.
Given the fifteen axioms, all further propositions
of Euclidean plane geometry can be derived from them by
a process of inference without further appeal to intui-
t ion.
1. 3 Euclidean Geometry
By Euclidean geometry we mean a system of mathe
matical geometry that serves as the same model of real
ity as Euclid's did; that is a geometry that corre
sponds to the way we are most accustomed to thinking
about physical space.5
The topic of Greek geometry was the description and
investigation of different figures and their properties
in the plane and in space. Somo of the figures were en-
Ibid., p. 10.
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countered as shapes of material objects; others were pro
duced by mechanical devices, and their properties were
suggested by and derived from experience with physical
phenomena.
It was the aim of Greek geometers to proceed logi
cally. This made it necessary for them to deduce
geometric propositions from those previously established
without reference to physical phenomena. Out of the
gathered knowledge, Euclid drew up a set of definitions
and first propositions call axioms or postulates, and
from these all other propositions by logical processes
without reference to physical intuition can be derived.
It was found that Euclid's first set of principles
were in some ways incomplete and redundant in others.
It was incomplete in the sense that the results obtained
involved unannounced axioms. On the other hand, some of
Euclid's definitions do not serve any mathematical purpose.
He never refers to them in subsequent definitions or
theorems. It seems preferrable to begin with enumeration
of certain mathematical objects by name and then state
axioms describing properties of these objects. A modern
set of axioms enumerates undefined terms and axioms con
taining these terms. One such example was the axioms
proposed by Hilbert at the end of the 19th century.
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1.4 Coordinate Euclidean Geometry for n-Dimensions
Descartes was the first mathematician to make ex
tensive use of coordinates in geometry. The Ruler Pos
tulate and the Ruler-placement Postulate could be called
the coordinate postulates. They enable us to establish
a rectangular coordinate system for the plane or for the
3-dimensional Euclidean space. In the 3-dimensional
Euclidean space (or 3-space) this gives us a one-to-one
correspondence between the pts. of 3-space and the set of
all ordered triples of real numbers.
It was not until the mid 19th century that mathe
maticians actually indentified pts. in the plane with
ordered pairs of real numbers and pts. of 3-space with
ordered triples of real numbers. We can construct geome
try from the real-number system, rather than from the
undefined concepts of point, line, plane, etc., by defin
ing a pt. to be and ordered triple of real numbers, a
plane to be a solution set (x y z) of the linear equation
ax + by + cz + d = 0, and a line to be the solution set
of a pair of linear equations.
Some advantages of the geometry of ordered triples
is that it makes available a number of algebraic tech
niques'. It reduces the problem of showing the consistency
of Euclidean geometry to the problem of showing the con
sistency of the real-number system, and it can easily be
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generalized to higher dimensions.
Definition of En
N-dimensional Euclidean space, E is the set of
all ordered n-tuples of real numbers (Xj , ..., xn ) to
gether with a distance defined on Rn as follows: If
x = (x-p..., xn) and y = (ylf...,yn), then the distance
between x and y is xy = [(x -y )2 +...+ (x -y )2J ".
The Elements of Rn are called points of E .
Ruler Postulate - The pts. of a line can be placed in
correspondence with the real numbers in such a way that
1. To every pt. of the line there corresponds
exactly one real number.
2. To every real number there corresponds exactly
one pt. of the line.
3. The distance between two points is the absolute
value of the difference of the corresponding
numbers.
The Ruler-placement postulate - Given two pts. p and q
of a line, the coordinate system can be chosen in such a
way that the coordinates of p is zero and the coordinates






Let's concern ourselves with relations between two
sets of variables. Suppose u and v are the variables of
one set and
Eq. 2.1.1 x=f(u,v), y=g(u,v)
where f and g are certain functions. Then x,y are the
variables of a second set. Equation 2.1.1 defines a trans
formation. A transformation is a certain kind of function
whereby to certain pairs of numbers (u,v) there corresponds
certain pairs of numbers (x,y). The transformation is a
function whose values are pairs of real numbers. The number
of variables in each set may be three instead of two. e.g.
Eq. 2.1.2 x=f(u,v,w), y=g(u,v,w), z=h(u,v,w)
The number of variables in either set might be any positive
integer, and the number in the two sets may differ.
The most important cases in actual common application
of transformations in which the number of variables in
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each set is the same are those in which the number of
variables is either two or three. These transformations
are of type 2.1.1 and 2.1.2. Also the equations relating
polar and rectangular coordinates in the plane, or spherical
and rectangular coordinates in 3-dimensional space are
of these types.
2.2 Transformation of Coordinates in TWO DIMENSIONS
In defining rectangular coordinates in a plane, we
choose a pt. of the plane for the origin, one line through
it for the x-axis and the line perpendicular to it for the
y-axis. We define the x- and y- coordinates of any point
of the plane to be the directed distances of the point from
the y-axis and x-axis respectively. A plane does not have
a set of pre-determined axes. If two different sets of
axes are set up, then it is evident that a given point of
the plane will have different coordinates with respect to
the two sets of axes.
By the transformation of coordinates in two dimensions,
we mean a shift from a rectangular coordinate system xy
with origin 0 to another rectangular coordinate system
x'y' with origin 0', both systems having the same unit of
distance and both systems having the same orientation
(i.e. both being right-handed or left-handed).
Given the equation of a curve with respect to an










Figure 2.2.1 Translation of Axes
Ay'
2 2
Figure 2.2.2 Graph of y = x - 6x + 5 and y1 = x'
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curve with respect to another specified set of axes may be
found in two ways. If the two coordinate systems have
different origins with the x and y axes of Che two systems
being parallel and having the same positive directions, then
the transformation from which the new equation is found is
called a translation of axes. If the new origin is identical
to the original one and the new axes are obtained by revolv
ing the original axes about this origin through some specif
ied angle, the transformation is called a rotation of axes.
0 is the origin of the system of coordinates x and y
and 0' of the system of coordinates x' and y'. A trans
lation of axes is made such that the coordinates of 0' in
the xy-systern are xQ and yQ .
Let p be any point on a curve. Let its coordinates
be (x,y) relative to the original axes and (x',y') relative
to the new ones. For the representative point p of co
ordinates x,y and x',y' in the respective systems we have
x = TS + SP = xo + x■, y - RQ + QP = yo + y'•
See figure 2.2.1
If in the original equation of the curve x is replaced
by x + x' and y is replaced by yQ + y', the resulting re
lation between x' and y' is the equation of the curve re
lative to the new set of axes.
Given an equation of a curve y = x - 6x +5, to find
the equation of the curve relative to the x' axis and y' axis
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that passes through the point (3, - 4), we would make the
following- substitution:
x = 3 and y. = - 4. In y = x2 - 6x + 5 replace x by
x' + 3 and y by y' - 4.
y'-4=(x'+3)2-6(x'+3)+5
y- _ 4 = x'2 + 6.x1 + 9 - 6x' - 18 + 5
y' - 4 = x'2 - 4
y' - 4 = X'2
(See figure 2.2.2) .
When the equation x = x' + x o and y = y ' +yQ are solved
for x' and y', we obtain x' = x - xQ, y' = y - yQ. This is
called the inverse transformation. Given the equation
y' = x'2, to find the equation of the curve relative to the
x and y axes, the following substitution would be made:
x' would be replaced by x - 3 and y1 by y + 4.
y> = x'2 would be
y + 4 = (x - 3)2
y + 4 = x2-6x + 9
y - x2 - Gx + 5.
We next consider the general situation when the two
sets of axes are not parallel; that is when the new set
of axes are obtained by rotating the original axes through
and angle 0. (Figures 2.2.3 and 2.2.4)
In oach case of figures 2.2.3 and 2.2.4 the direction











Figure 2.2.3 Rotation of Axes
x'
Figure 2.2.4 Rotation of Axes
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cosG and sine , and an equation of the x'-axis is
x-x0 = y-yo or (y-yo) cose - (x-xo) sine = 0
cosn sine
and the equation of the y'-axis is (y-yo) sinO + (x-xo)
cose = 0. Solving these equations for x-xQ and y-yo,
the result is
Eq. 2.2.1 x = x'cosq - y'sinQ + x
y = x'sino + y'cosO + y
These are the set of rotation equations.
Hence any equation of any line or curve with respect
to the xy system is transformed into an equation in the
x'y'- system when the expressions in 2.2.1 are substituted
for x and y in the given equation.
When the origin 0' coincides with 0 (Figure 2.2.5)
then
Eq. 2.2.2 x = x'coso + y'sinO
y'= x'sin9 + y'cosG
The equations in 2.2.2 can be solved inversely for x' and
y'. If the x'y' system is obtained from the xy system
by rotating through an angle 0, then the xy system is
obtained from the x'y' system by a rotation through an angle
-0 . The inverse equations can be obtained by replacing
0 with -o and shifting the primes to unprimed letters
and vice versa. Since cos (-0) = cos 0 and sin (-0) =
- sine, this gives
26
x'
Figure 2.2.5 x and y axes rotated through an angle
0 to obtain new x' and y' axes.
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2.2.3 x1 = xcose + ysino
yr = -xsine + ycose
An alternate method for solving for the inverse may
be used. The equations in 2.2.3 may be written as







and the operator A is a matrix operator
defined by:
A = I cose - sine]
|_sine cosgJ




2.2.5 X ' = A X.
The matrix A is an orthogonal matrix, that is
A-1^ At and det A = 1. We can write eq. (2 2 5) as
I*'■y cose sine x-sine cose y
and x' = xcose + ysine
y1 = -xsine + ycose.
The equation of a curve depends on the location of
the x and y axes relative to the curve. Given an equation
with respect to a set of axes, the equation of the same
curve with respect to a different set of axes may be found.
This second equation may be obtained from the first one
by transformations of translation and rotation. For each
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original transformation there is an inverse transformation
A transformation may be indicated by a set of equa
tions. The equations and their inverses for translation
and rotation are summarized below:
Transformation Equations for Equation for inverse
Transf oi'mat ion Transformat ion
Translation of x = h + x' x' = x - h
axes to origin y = k + y' y1 = y - k
(h.k)
Rotation of axes x = x'cosQ - ysine x, _ XCOS0 + ysine
through angle 0 y = x'sinO + ycosG y' = -xsinG + ycoso
2.3 Cartesian Coordinates in Three Dimensions
Three dimensional coordinate systems enable us to
study graphs of equations in three variables. Three mutu
ally perpendicular coordinate lines in space enable the
introduction of coordinates in space.
In a plane the position of a point p is determined by
two coordinates x and y referred to two straight lines Ox,
Oy, the coordinate axes.
To fix the position of a point in space, three planes
are needed. The planes have a point 0, the origin, in
common and intersect in pairs in three lines x1 Ox, y' 0 y
and z' 0 z. The three lines are called coordinate axes
and the planes are called coordinate planes. The axes are










Figure 2.3.1 3-D Coordinate System
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We define the coordinates of the point p as the three
lengths
0 L' = x, OM'=y, 0 N' = z.
To every point p there corresponds uniquely a set of
three numbers (x y z), and conversely to every set of three
numbers, positive or negative, there corresponds a unique
point. The three numbers (x,y,z) uniquely identifying a
point p are called cartesian coordinates of the point p.
A. Convection of Signs and Rectangular Systems
Let the positive direction along the axes of x and y
be defined by Ox and Oy; then in the plane xOy we may pass
from Ox to Oy by a rotation through an angle xOy less than
two right angles. Viewed from one side of the plane, the
rotation is clockwise, and counter-clockwise from the
other. That side of the plane from which the rotation
appears counter-clockwise is defined as the positive side
of the plane. The positive direction of the z axis is
defined to be that which lies on the positive side of the
xOy plane. This relation holds for each of the axes.
This is called a right-handed system of cartesian coordi
nates. Figure 2.3.2 shows a right-handed and left-handed
system. This paper deals exclusively with right-handed
systems.
When the planes are mutually perpendicular, we call







concern ourselves with a rectangular system.
B. Direction Angles and Direction Cosines
OP is called the radius vector of P, denoted by r.
Since PN is perpendicular to the plane xOy. ON is the
orthagonal projection of OP on the plane xOy.
Let the angles which OP makes with the positive direc
tion of the axes be a,B,Y, then
x = rcosa, v = rcosp , z =^ rcosy .
The position of a point p is determined by the angles
ct.&.y and tne radius vector r, for these then determine
x,y,z. The angles alone determine only the direction of the
line OP. We call them the direction-angles of the line OP.
The cosines of these angles occur frequently which makes it
convenient to call them the direction cosines and are de
noted by 1,m,n.
C. Properties of the Direction Cosines
The direction angles are not unique since each is
indeterminate to an added multiple of H . However the
direction-cosines are unique. With 0 always being positive,
the direction-cosines i,m,n are uniquely defined as
l=x/r, m=y/r, n=z/r.
The following example shows how to find the direction-
cosines of the line joining the origin to the point (1,2,2).
Here r2 = l2 +22+24 =1+4+4=9, hence r = 3.
Then 1=1/3, m=2/3, n=2/3.
33
To determine the radius vector in terms of the rectan
gular coordinates we make use of the Pythagorean Theorem.
OP2 = ON2 + NP2 = OL'2 + L N2 + NP2
Hence
2 = X2 + y2 + Z2
Putting x = rcose, y = rcoso , z =■rcose , dividing
by r2 gives
9 2
+ cos + cos r = I
2.4 Transformation of Coordinates in Three Dimensions
A. Translation of axes
Let a new coordinate system be constructed with origin
0' = jx , y , z] and coordinate planes parallel to the old ones.
Let the coordinates of a point P referred to the two systems
be Ix,y,zjandjx',y',z'. Draw through P a line parallel
to the x-axis cutting the planes yOz and yOz in L and
L' and let the plane y'O'z' cut Ox in k. Then since the
parallel planes yOz, y'O'z' intercept equal segments on
parallel lines, LL' = Ok. But LP=x, L'P=x', OK=x, hence
x=x'+X x' = x - X
y = y' + Y and y' = y - Y
z = zT + Z z' = z - Z
Eq. 2.4.2 Eq. 2.4.1
x', y', z' are the coordinates of P relative to 0 = Fx.Y.ZJ.
The transformation expressed in 2.4.1 (and its inverse















Figure 2.4.1 Change of Origin
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(new) axes.
If two lines 1 m;i,n1 and L^ , n^ , r^ are perpendicu
lar or orthogonal, their angle ©=i, and cos©=0, then
1111+ ™] ™2 + nl "2 ^ °
or £ cosa1+ cosa 2 = °.
Two lines are parallel when they have the same direc
tion-angles. It follows then that sin© = 0 and 6= 0.
2
Conversely, if ©= 0, sin© = 0 and £(11^n2 - min2) = °- If
1} , m-^ , n-^ and I2 > mo , Rn are ^ne actual direction-cosines
we have
, 2X 2, 2 _ -.2
\ + + I 1 m2
Putting each of the equal ratios equal to t and substituting
2 2 2 2
\ = tl2, n^ = tm2, n-j = tn^, we get t (1^ + m2 + n2 ) =
2
Hence t = + I.
2^
m2 + n2
If t = + I, the direction cosines are identical; if
t = -I, they are equal but have opposite signs.
B. Rotation of the Axes
Let's consider the transformation to new axes with the
same origin. Let the direction-cosines of the new axes of
x' , y' , z' with respect to the old be fl, , ro , n~j,
I ^>>m2'n2] ' Pl3'm3'n'3l resPec"tively and assume both sets of
axes are orthogonal. Let p be a point with j~x(y?z as old
coordinates and rx',y',^,' J as the new ones. Projecting
36
\\> m2' n2
Figure 2,4.2 Transfoimation to new axes with same origin.
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Op on each of the original axes in succession, we have,
since the projection of OP is equal to the sum of
projections of x', y', and z'.
Eq. 2.4.3 x = j
y = m,x'
1 + ]2y' + l3z'
m.,z
z = n,x' + n2y' + n^z'.
Also sincefX , 12, lJlare the direction *- cosines of Ox




+ my + n,z
Equations (2.4.3) and (2.4.2) represent inverse transfor















The coefficients are connected by a number of equations,
Any element in the square is the cosine of the angle be
tween the axes in whose row and column it lies. Since
m
1'
are a set of direction cosines, we have









Since the new axes are mutually at right angles,
V3 + m2 m3 + n2n3 = °
T 1 4-m m 4-nn — O
1, lo + m, mo + n,no =0.
Considering the old axes in terms of the new, we have
1-, + I2 + Xr> = 1 mlnl + m2n2 + m3n3 = ^
ml + m2 + m3 = l Vl + n212 + n313'=O
^ , ^ , ^ t Trn4-1m-l-lrn O
This transformation is equivalent to a rotation
through a definite angle about a definite line. The angle
G and the ratios of direction-cosines X,y,v of the axis
of rotation form the three independent constants, and the
equations of transformation could be expressed in terms of
these. When the center 0' of the x'y'z1- system coincides
with the origin 0 of the xyz-system, the equations of
transformations are
z =v x1 + v y< + VoZ'.
The transformation is referred to as a rotation of the
original axes. The inverse of a transformation is
x' = x1x + Ply + ViZ
y' = xlX + Ply + V]Z
Transformation of coordinates in three-dimensions may
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be summarized as follows: To transform to parallel axes
through a new origin, whose coordinates referred to the old
axes, are x', y, z', the formulas of transformations are
x = X + x' , y = Y + y', z = Z+z'.
Let the angles made by the n-ew axes of x, y, z with the
old axes by a, 3,y; a',ST,Y'; a'-.B" -Y1' respectively. If
we project the new coordinates on one of the old axes, the
sum of the three projections will be equal to the projec
tion of the radius vector, which is the corresponding old
coordinate. Thus we get the three equations
x = Xcosa + Ycosa' + Zcosa''.
y = xcos0 + vcosg' + Zcos3'r.
t 1
z = xcosy + Ycosy' + Zcosy
The new coordinates expressed in terms of the old are
X = xcosa + ycosf? + zcosy
Y = xcosa' + ycosg' + zcosy'




3 . .1 General Organization
TRACOR2 is a FORTRAN IV program that does two-dimen
sional coordinate transformations. It was designed and
written to run on the PDP-11-40 computer.
The user has the option of having the program to per
form a translation, a rotation, or both. The choice must
be indicated on the first Line of the data file. If the
two coordinate systems that are being used have different
origins with the axes of both systems being parallel, then
the user should select option 1, a translation. If the
new origin is the same as the original one and the new axes
are obtained by revolving the original axes about this
origin through some specified angle, then option 2, a
rotation should be chosen. If the two coordinate systems
have different origins and non-parallel axes, then option
3, a translation and rotation should be cnosen.
The program will transform a maximum of ten (10)
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vectors per system call. To execute the program, a data
file containing only the specified data for the program
must have been created. The format of the data file is
given below:
Line 1 - contains an optio-n of 1, 2, or 3.
"1" indicates that a translation is to be done.
"2" indicates that a rotation is to be done.
"3" indicates that a translation and a rotation
will be done.
Line 2 - Option 1 - the new origin (xQ , yQ).
Option 2 - the number (NPT) of points that
are to be transformed.
Option 3 - the new origin (xQ , yo ) .
Line 3 - Option 1 - the number (NPT) of points that
are to be transformed.
Option 2 - "1" or "2" to indicate that the
angle will be entered in degrees
(1) or radi ans(2).
Option 3 - the number (NPT) of vectors that
are to be transformed.
Line 4 - 13 - Option 1 - the point, x(k), y(k)
(relative to the original axes)
that are to be transformed.
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Ex.
Line 4 x(l), y(l)
Line 5 x(2), y(2) etc. for k=l,NPT
Line 4 - Option 2 - the angle (THETA).
Line 4 - Option 3 - "1" or "2" to indicate that the
angle will be entered in degrees
(1) or radians (2).
Line 5 - 14 - Option 2 - the points, x(k), y(k)
(relative to the original
axes) that are to be transform
ed.
Line 5 - Option 3 - the angle (THETA).
Line 6 - 15 - the points, x(k), y(k) (relative to
the original axes) that are to
be transformed.
Once the proper data file has been created, then the
user may execute the program by typing the command "RUN
TRACOR2". The program will ask for the name of an input
file that contains the data and for an output file to which
the results will be written. The program then does the
necessary calculations and writes the results in the out
put file. The execution is terminated and the user may
look at the results that are stored in the specified out
put file.
43
















































3.3 Code for PROGRAM THAC0R2
C PROGRAM TRAC0R2
C TEIS FORTRAU PROGRAM CALCULATES TRANSFORMED
C VECTORS IN TWO DIMENSION'S. THE USER PROVIDES A
C SET OF POINTS RELATIVE TO THE SET CF ORIGINAL AXES,
C A MEW ORIGIN AND AN ANGLE OP ROTATION.
REAL X(1O), Y(.1O), XE(1O), YN(1O]
INTEGER N, NPT, OPT, QPT1, RESP
C
C
C INSTRUCTIONS FOR THE USER
C
TYFS 5
5 FORMAT (IX, 'THIS PROGRAM DOES A TRANSFORMATION'
1 ' OF COORDINATES IN TWO DIMENSIONS. IT WILL'
2 ' CALCULATE A MAXIMUM OF TEN (10) VECTORS PER CALL.')
TYPE 15
15 FORMAT (IX, ' TO RUN THE PROGRAM, YOU MUST HAVE CREATED1,/,
• ' A DATA FILE WITH ONLY THE DATA NECESSARY TO RUN THIS',/,
• ' PROGRAM. THE DATA MUST EE AS SFECIFIED BELOW1,/,
• ' LINE 1 - CONTAINS All OPTION OF 1,2, CR 3',/,
• ' 'I1 INDICATES THAT A TRANSLATION IS TO EE DONE.',/,
• ' '2' INDICATES THAT A ROTATION IS TO BE DONE.',/,
• ' '3' INDICATES THAT A TRANSLATION AND A ROTATION WILL',/,
• ' BE DONE.',/,
• ' LIKE 2 - OPTION 1 - THE NEW ORIGIN (XO.YOl. ' ,/,
• ' OPTION 2 - THE NUMBER (NPT) OF POINTS THAT ARE TO BE',/,
• ' TRANSFORMED.',/,
• ' OPTION 3 - THE NEW ORIGIN (XC.YO).',/,
• ' LINE 3 - OPTION 1 - THE NUMBER (KPT) OF POINTS THAT',/,
• ' ARE TO BE TRANSFORMED.1,/!
• ' OPTION 2 - '1' 0R '2' TC INDICATE THAT THE ANGLE WILL',/,
• ' EE ENTERED IN DEGREES (l) OR RADIANS (2).',/,
• ' OPTION 3 - THE NUMBER (NPT) OF VECTORS TEAT ARE ',/,
• ' TO 3E TRANSFORMED.',/,
• ' LINES U-13 - OPTION 1 - THE POINTS, X(K), Y(K)',/,
• ' (RELATIVE TO THE ORIGINAL AXES) THAT ARE TO BE',/,
• ' TRANSFORMED.',/,
*'' Ex.",/,
• 'LINE It X(l), Y(l)' ,/,
• 'LINE 5 X(2), Y;.2) ETC. FOR K=i,N?T',/,
• 'LINE '- - OPTION 2 - THE ANGLE (THZTA).',/,
• 'LINE I - OPTION 3 - '1* OR '2' TO INDICATE THAT THE1,/,
• ' ANGLE WILL 3E STrTSRED I?: OEOREZS !l) 0R RADIAHS (2).',/,
• ' LINE 5-1 It - QFTIOU 2 - THE POINTS, X(K}, Y(K)',/,
• ' (RELATIVE TO THE ORIGINAL AXES) TEAT AF.E TC 3E',/',
• ' TRAHEFCRMED.',/,
• ' LINE 5 - OPTION 3 - THE ANGLE (TKETA).',/,
• ' LINE 6-15 - THE POINTS, X(K), Y(K) (RELATIVE TO THE',/,
« ' ORIGINAL AXES) THAT ARE TO 5E TRANSFORMED.' . /.
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TYPE 25
25 FORMAT ('DO YOU HAVE A DATA FILE WITH THE PRECISE1,/,
• ' DATA IN IT? TYPE 1 FOE rES, 2 FOR NO.'I
READ (5,51 RESP
8 FORMAT (iX, II]
C IF RESPONSE IS NO, END RUM
IF (RESP .EQ. 21 GO TO £00
DATA BLANK / ' ' /
TYPE 35
35 FORMAT (IX, 'INPUT FILE', $)
CALL ASSIGN (2, ' ', -1, 'RDO', 'NC , 1)
TYPE 1*5
1*5 FORMAT (IX, 'OUTPUT FILE', $1
CALL ASSIGN (2, ' ', -1. 'SEW', 'CC, 1)
READ (2, •! Xe, YO
10 READ (2,«) NPT
IF (OPT .EQ. 1) GO TO 1*0
READ (2,«) OPT 1
IF (OPT 1 .EQ. 2) GO TO 30
C
C OPT 1 - ANGLE IS DEGREES
READ (2,») THETA
C
C CONVERT ANGLE IN DEGREES TO ANGLE IK RADIANS
CF = 0.017^539
TEETA = TKETA • CF
GO TO 1*0
C
C OPT 2 - ANGLES IN RADIANS'
30 READ (2,*) THETA
C
C READ TKE INFUT VECTORS (RELATIVE TO THE ORIGINAL
C AXES) THAT ARE TO BE TRANSFORMED.
i*0 DO 100 I *1,SPT
READ (2,») X(I), Y(I)
100 CONTINUE
IF (OPT .EQ. 2} GO TO 300
IF (OPT .EQ. 3) GO TO 1*50
C
C PERFORM TEE TRANSLATION





C PERFORM TEE ROTATION
300 DO 1*00 I = 1, NPT
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XH(I) « X(I) • CQS(THETA). + 1(1.1 * SIN(THETA)




C PERFORM TRAHSLATION AND ROTATION
U3° S(i?°-Ix"ll'«HCOS(THETA) ♦ Y(.I) * SIK(TKETA) -XO
YH(I) -X(I)'B SIN(TEETA) + Y(I) • COSCTKETA] -YO
500 CONTINUE
700 TYPE 55 ,,
55 FORMAT ('TRAIISFORKATION COMPLETE')
TJRTTE (c 5Q)
50 FORMAT (I.3X. 'POINT H0.',10X. -ORIGINAL POINTS', 13X
• ' TRAKSFORMED POINTS',/,
• ' 22X, (X1. 13X 'Y1. lUX, 'XN1, 13X, 'YN',/, 70 (1H -1)
DO 300 I = 1, H?T
WHITE (3,60) I, XK(I), YB(I), X(.I), Y(U








TRACOR3 is a FORTRAN IV program that calculates
transformed vectors in three dimensions. It was designed
to run on the PDP 11-40 computer.
The program will calculate a maximum of ten (10)
vectors per system call. The user must provide an angle
triplet; yaw, pitch, roll respectively or a direction
cosine matrix in addition to the vectors that are to be
transformed. To run the program, a data file containing
only the data necessary for the execution of the program
must have been created. The format of the data file is
given below:
Line 1 - Contains an option of 1, 2, or 3.
"1" indicates an angle triplet in degrees.
"2" indicates an angle triplet in radians.
"3" indicates that the ij component of a
direction cosine matrix will be used.
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Line 2 - The number (N) of vectors that will be
transformed.
Line 3 - Option 1 - Angle triplet in degrees
Option 2 - Angle triplet in radians





Lines 4-13 - Vector triplets, x(k), y(k), z(k)




Once the proper data file has been created, the user
may execute the program by typing the command "RUN
TRACOR3". The program will ask for name of an input
file that contains the data and for an output file to
which the results will be written. Using system functions
and Euler's formulas (see below), the program does the
necessary calculations and writes the results in the
chosen output file. The execution is terminated and the
user may look at the results that are stored in the out
put file.
50
The more practical version of Euler's Equations
of Transformation is given in the theorem below.
Theorem: Let (x,y,z) be any point in space and consider
an angle triplet
Yaw, Pitch and Roll = A, B, C respectively;
then
x' = x(cos C • cos A - sin C • cos B • sin A)
+ y(cos C • sin A + sin C • cos B • cos A)
+ z(sin C • sin B)
y' = -x(sin C • cos A + cos C ■ cos B • sin A)
+ y(-sin C • sin A + cos C " cos B • sin A)
+ z(cos C ■ sin B)
z1 = x(sin B • sin A) -y (sin B • cos A)
+ z • cos B
are the equations of a transformation. These equations
are known as Euler's formulas.
51




















































k.2 Code for PROGRAM TRAC0F.3-
THIS FOFTEAK FROGRAM CALCULATES TRAHSFCRMED VECTORS IK
C THREE DIMENSIONS. THE USER MUST FROVIDE AK ANGLE TRIPLET;
C YAW, FITCK, ROLL. RESPECTIVELY OR A DIRECTIO1! COSINE MARTIX IN






C INSTRUCTIONS FOR THE USER
C
TYPE I
1 FORKA1^IX,'THIS FROGRAM DOES A TRANSFORMATION OF
1 ' COORDINATES IN THREE DIMENSIONS. IT WILL CALCULATE '
2 ' A MAXIMUM OF TEN (1C) VECTORS PEF, CALL.')
TYPE 2
2 FORMAT {'TO RUE THE PROGRAM, YOU MUST HAVE CREATE!! A',/,
1 ' DATA FILE WITH ONLY THE DATA NECESSARY TO RUK THIS1,/,
2 ' PROGRAM. THE DATA MUST BE AS SFECIFIED BELOW1,/,
3 ' LINE 1 - CONTAINS AK OPTIOK OF 1,2 OR 3',/,
It ' 1 - IIIDIGATES THAT YOUR ANGLE TRIFLE!' IS IK DEGREES',/,
5 ' 2 - ANGLE TRIPLET IN RADIANS',/.
6 ' 3 - YOU WILL ENTER THE IJ COMPONENT CF A DIRECTION',/,
7 'COSINE MATRIX')
TYPE 15
15 FORMAT (IX, LINE 2 - THE NUMBEP(Ji) OF VECTORS THAT'
1 ' WILL BE ENTERED' ,?,
2 ' LINE 3 - - OPT 1 - ANGLE TRIPLET IN DEGREES1,/,
3 ' LINE 3 - OPT 2 - ANGLE TRIPLET IK RADIANS',/,
it 'LINES 3-5 - OPT 3 - DIRECTION COSINE MATRIX M;EX,',/,
5 ' M(l,l), 11(1,2), M(l,3) ',/,
6 ' M(2,l), M(2,2), M(2,3) ',/,
7 ' K(3,D, M(3,2), M(3,3) ',/,
8 ' LINE lt-13 OR 6-15 VECTOR TRIPLETS,X(K) ,Y(K) ,Z(K)',/,
9 ' FOR K = 1 TO M; EX,')
TYPE 25
25 FORMAT(IX, 'X(l), Y(l), 2(1)',/,
1 ' X(2), Y(2), Z(2)',/,
2 ' X(3), Y(3), Z(3)')
TYPE 3
3 FORK^.T('DO YOU HAVE A DATA FILE WITH TEE PRECISE' ,
* 'DATA IN IT? TYPE 1 FOR YES, 2 FOR NO.1)
READ(5,10) RESF
10 FORMAT'(IX ,11)
C IF RESPONSE IS NO, END RUN
IF (RESF .E5. 2) GO TO 600
DATA BAIJK /' ' /
TYPE h
k FORMAT(IX,'IHRJT FILE?',$)




CALL ASSIGN(7,", -1,'NEV', 'CC',1)
READ(3,*)0PT
IF(OFT .EQ. 2) GO TO 200
IF(OPT .EQ. 3) GO TO 300
C OPT 1 - ANGLES IH DEGREES
READ(3,*) YAW,?ITCH,ROLL







C OPT 2 - ANGLES IN RADIANS
200 READ(3.*) YAW,PITCH,ROLL
C CALCULATE THE COSINES OF ANGLES YAW, PITCH, AMD ROLL.
250 CY = COS(YAW)
CP = COS(PITCH)
CR = COS(ROLL)






C CALCULATES THE TRANSFORMED MATRIX M
C
Mil = CR«CY-SR»CP*SY
Ml 2 = CR»SY+SR*CF»CY



















C PRIKT THE MATRIX K
C
WRITE(T,£O)









C READ THE- INPUT VECTORS.
C




















80 FORMAT (IX,' YAW =',F10.lt)
C
WRITE(7,9O)PITCH
90 FORMAT (IX, 'PITCH =',F10.lt)
C
WRITE(7,100)ROLL
100 FORMAT (IX,'BOLL =',F10.lt)
C
WRITE(7,110 )K




C DATA FILE KAS NOT BEEU CREATED
C
600 TYPE 6
8 FORMAT('THIS PROGRAM HAS BEEN TERMINATED',/,






Chapter V contains sample runs of PROGRAM TRACOR2
and PROGRAM TRACOR3. The user has three options when
executing either program. Two sample runs of each option
will be presented. The input files containing the data
and the output files containing the results will also be
presented.
For TRACOR2 the input files are: for option 1,
NOS11.DAT and NOS12.DAT; for option 2, N0S21.DAT and
NOS22.DAT: and for option 3, NOS31.DAT and NOS32.DAT.
The corresponding output files are: for option 1, NOS11.OUT
and NOS12.OUT; for option 2, NOS21.OUT and NOS22.OUT; and
for option 3, NOS31.OUT and NOS32.OUT.
For TRACOR3 the input files are: for option 1,
NUM11.DAT and NUM12.DAT; for option 2, NUM21.DAT and
NUM22.DAT; and for option 3, NUM31.DAT and NUM32.DAT.
The corresponding output files are: for option 1, NUM11.OUT
and NUM12.OUT; for option 2, NUM21.0UT and NU.M22.OUT; and
for option 3, NUM31.OUT and NUM32.OUT.
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5.1 Sample Runs of TRAC0R2 and TRAC0P3
THIS PROGRAM DOES A TRANSFORMATION
OF COORDINATES IN TWO DIMENSIONS. IT WILL
CALCULATE A MAXIMUM OF TEN (10) VECTORS PER CALL.
TO RUN THE PROGRAM, YOU MIST HAVE CREATED
A DATA FILE WITH ONLY THE DATA NECESSARY TO RUN THIS
PROGRAM. THE DATA MUST BE AS SPECIFIED BELOW
LINE 1 - CONTAINS AN OPTION OF 1,2-, OR 3
1 INDICATES THAT A TRANSLATION IS TO BE DONE.
2 INDICATES THAT A ROTATION IS TO BE DONE.
3 INDICATES THAT A TRANSLATION AND A ROTATION WILL
BE DONE.
LINE 2 - OPTION 1 - THE NEW ORIGIN (XO,YO).
OPTION 2 - THE NUMBER (NPT) OF POINTS THAT ARE TO BE
TRANSFORMED.
OPTION 3 - THE NEW ORIGIN (XO,YO).
LINE 3 - OPTION 1 - THE NUMBER (NPT) OF POINTS THAT
ARE TO BE TRANSFORMED.
OPTION 2 - 1 OR 2 TO INDICATE THAT THE ANGLE WILL
BE ENTERED IN DEGREES (l) OR RADIANS (2).
OPTION 3 - THE NUMBER (NPT) OF VECTORS THAT ARE
TO BE TRANSFORMED.
LINES U-13 - OPTION 1 - THE POINTS, X(K), Y(K)
(RELATIVE TO THE ORIGINAL AXES) THAT ARE TO BE
TRANSFORMED.
Ex.
LINE h X(l) , Y(l)
LINE 5 X(2), Y(2) ETC. FOR K=1,NPT
LINE h - OPTION 2 - THE ANGLE (THETA).
LINE h - OPTION 3 - 1 OR 2 TO INDICATE THAT THE
ANGLE WILL BE ENTERED IN DEGREES (l) OR RADIANS (2).
LINE 5-lh - OPTION 2 - THE POINTS, X(K), Y(K)
(RELATIVE TO THE ORIGlNAL AXES) THAT ARE TO BE
TRANSFORMED.
LINE 5 - OPTION 3 - THE ANGLE (THETA).
LINE 6-15 - THE POINTS, X(K), Y(K) (RELATIVE TO THE
ORIGINAL AXES) THAT ARE TO BE TRANSFORMED.
DO YOU HAVE A DATA FILE WITH THE PRECISE






































































































































































































































































THIS PROGRAM DOES A TRANSFORMATION OF
COORDINATES IN THREE DIMENSIONS. IT WILL CALCULATE
A MAXIMUM OF TEW (10) VECTORS PER CALL.
TO RUN THE PROGRAM, YOU MUST HAVE CREATED A
DATA FILE WITH ONLY THE DATA NECESSARY TO RUN THIS
PROGRAM. THF: DATA MUST BE AS SPECIFIED BELOW
LINE 1 - CONTAINS AN OPTION OF 1,2'OR 3
1 - INDICATES THAT YOUR ANGLE TRIPLET IS IN DEGREES
2 - ANGLE TRIPLET IN RADIANS
3 - YOU WILL ENTER THE IJ COMPONENT OF A DIRECTION
COSINE MATRIX
LINE 2 - THE NUMBER(N) OF VECTORS THAT
WILL BE ENTERED
LINE 3 OPT 1 - ANGLE TRIPLET IN DEGREES
LINE 3 OPT 1 - ANGLE TRIPLET IN RADIANS
LINES 3-5-OPT 3 - DIRECTION COSINE MATRIX M; EX.
l), M(2,2), M(2,3)
M(3,l), M(3,2), M(3,3)
LINES U-13 or 6-15 VECTOR TRIPLETS, X(K),Y(K),Z(K)
FOR ?: = 1 TO N; EX,
X(2), Y(2), Z(2)
X(3), Y(3), Z(3)
DO YOU HAVE A DATA FILE WITH THE PRECISE
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YAW = 0.52 35
PITCH = 0.8726
ROLL = l.OUTl




















VECT NO TRANS VECT
1 3.16 0.52 3.73
2 7.67 -1.31 8.66






















VECT NO TRANS VECT INPUT VECT
1 2.89 0.00 3.20 1 2 3
2 -0.80 -0.2U 1.21 h -5 6
ANGLES ENTERED
YAW = 0. 5 2 35
PITCH = 0.8726
ROLL = I.Oi+71



































































YAW = 0.00 00
PITCH = 0.0000
ROLL = 0.0000





























































YAW = 0.00 0 0
PITCH = 0.0000
ROLL = 0.0000
NO. OF VECTORS ENTERED 3
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5.2 Graphic Manipulations Using Matrices
A. Introduction
According to Webster dictionary, a definition of
graphics is a picture, map, or graph used for illustration
or demonstration. Graphics may also be defined as a means
to covert data into clear or vivid information. A small
part of graphics is the conversion of data representing
the position in space of the surface of an object into a
three-dimensional picture of the same object.
The relation between the position of a point on an
object, specified in three dimensions x,y and z, and the
apparent translation of the point as the object is rotated
is expressed by standard equations. These equations can
be written in an organized form using matrices. These
matrices are called coordinate transform matrices. They
separate the mathematics associated with the angle of
observation from the data describing the surface of an
object. The small computers such as the APPLE II and such
terminals as the TEKTRONIX Graphics Terminal make it easy
to convert surface data to pictorial information using
mat rices.
B. Defini tions
The Cartesian coordinate system will be used in this
discussion of graphic manipulations. On a computer graphic
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screen, x is defined as the horizontal dimension, y is the
vertical dimension, and z is depth into the screen. Posi
tive values are to the right on the x-axis, up on the
y-axis, and away from the viewer on the z-axis. The
origin will be in the center of the screen. A plane is
described by any two axes. The x,y plane is the surface
of the computer screen, the y,z plane is seen edge on as
the y axis, and the x,z plane is seen edge on as the
x axis.
Two kinds of matrices will be used. The first kind
of matrix will represent the coordinate of a point in
space, described by x,y, and z. This matrix, C, is a
column matrix, with one column and three rows as shown in
figure 5.2.1. It will be used to hold the value for a
point on the surface, both before and after transformation.
All drawing commands will use the x and y from this
matrix.
The second kind of matrix contains the standard
equations which relate the transformed values for x,y,
and z to the original values. This matrix, M, has three
rows and three columns as shown in figure 5.2.1. The
numbers at each position in this matrix are derived from
the standard equations for some specified coordinates









Figure 5.2.1: Two types of matrices used in
graphics applications. C re
present a point in space. The
matrix M contains equations to
relate the transformed values
of x, y, and z to the original
values.
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of observation of the object is arrived at by two suc
cessive operations, such as a rotation about each of two
axes, then the matrix, M, which controls this view may
have numbers in it that are derived from two matrix
equations. The procedure which combines several opera
tions and produces a single matrix, is called matrix
multiplication. Matrix multiplication is used to produce
the numbers and the 3x3 matrix, M, and then to apply
the numbers to derive a transformed 3x1 matrix, C, which
gives the apparent position of some part of the object's
surface.
C. Computing Procedure
Given the ability to do matrix multiplication, the
procedure for computing transformations is outlined as
follows:
1. Generate an array of data consisting of the x,y
and z coordinates of the object to be drawn.
2. Define the viewpoint. A matrix is generated for
each motion required to arrive at the desired
point of view. The matrics are then multiplied
together to produce a single 3x3 matrix to be
used in the main routine.
3. Write a program to draw the object in its un-
transformed state.
4. When tiie untransformed picture is accurate, then
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the picture is reoriented. The original x,y,z
coordinates of the spot on the object are trans
formed into a new set of x,y,z numbers represent
ing the spot seen from the new viewpoint. Each
set of coordinates from Step 1 is multiplied by
the matrix generated in Step 2.
Since the computer screen is actually only two-
dimensional, only the x and y elements are used in Step 3.
After transformation, the numbers are shifted about and
contain depth information. The drawing made in this way
is a projected view rather than a three-dimensional
drawing.
D. Types of Transformations
There are other operations, in addition to shifting
and rotating a picture, possibly using coordinate trans
form matrices. Some of the more extremely effectual
changes that may be made to the picture are: magnification,
shear, stretching in one direction, and mapping onto a
surface.
The following figures and tables show examples of
several coordinate transformations. Each operation in
represented by the matrix, the equations for the output
matrix elements, and a figure to show how a picture of
an object is changed by the operation.
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1. Unit Matrix
Table 5.2.1 shows tne unit matrix. This trans
formation reproduces the picture of the object
in its original view as defined in section 5.3.
Figure 5.2.2 shows a side view of a coffee cup.
2. Scaling
The object may be defined with some shape
which is not the final version, but which uses
easily verified dimensions.
Selective magnification along any axis may
be used to alter the proportions of the object
to the shape that may be nearer that required
by the user. Thus, table 5.2.2 and figure
5.2.3 are appropriate for users with large
capacities: table 5.2.3 and figure 5.2.4 pro
duce a wide cup, while table 5.2.4 and figure
5.2.5 produce a large cup.
If the proportions are correct but the user
wants to create several different sizes, table
5.2.5 will allow the sarae magnification to take
place along all the' axes. Figure 5.2.S shows
one such magnified cup.
3. Combinations
Table 5.2.6 shows an example of the sequential



















Y' = (X*O+Y*1 + Z*O)
Z' = (X*O+Y*O + Z*1)
Table 5.2.1: The unit matrix.














Y'=(X*0 + Y*K + Z*0)
Z'=(X*0+Y*0+Z*l)























X' = (X * K + Y * 0 + -Z * 0)
y =(X*0 + Y*l + X*0)
Z'=(X*0+Y*0+Z*l)
Table 5.2.3: Expansion along the x axis by a
factor of K.





















Table 5.2.4: Expansion along the z axis by
a factor K.
Figure 5.2.5: Rotated 90° and expanded along z axis












X1 =(X*K + Y*O + X*O)
Y'=(X*O+Y*K+Z*O)
Z' =(X*O+Y*O+Z*K)
Table 5.2.5: Magnification by a factor K,




















(1 * cos(s) + 0 * sin(s) =0*0)
(1 * -sin(s) + 0 * cos(s) +0*0)
(1*0+0*0+0*1)
(0 * cos(s) + cos(T) * sin(s) -sin(T) * 0)
(0 * sin(s) + cos(T) * cos(s) -sin(T) * 0)
(0*0+ cos(T) * 0 -sin(T) * 1)
(0 * cos(s) + sin(T) ♦ sin(s) + cos(T) * 0)
(0 * sin(s) + sin(T) * cos(s) + cos(T) * 0)
(0*0+ sin(T) * 0 + cos(T) * 1)
Table 5.2.6: Rotation in the x,y and y,z planes
sequentially.
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multiplication to define the elements. Figure
5.2.7 combines the three rotations, a magnifi
cation and two scale changes along individual
axes. Figure 5.2.8 applies a rotation.
4. Translation
Moving the object sideways is accomplished
by adding the translation value to the original
value for each axis as shown in table 5.2.7.
5. Mapping
All of the examples shown thus far have
applied the same operation to every point on the
surface of the object. The coordinate trans
form matrix contains the same numbers for all
parts of the object. A more complicated opera
tion results when the value (x,y,z) associated
with a point on the surface of the object is
replaced by a function of x,y, and z at each
point. The result maps the object onto some
surface. Thus if x is replaced by sin(x), the
object will experience a change in scale which
changes with x, and the output position of a
point on the object which has a value of x equal
to 0, and an arbitrary y and 25 is the same as









X' = X' + k
Y' = Y' + m
Table 5.2.7: Translation matrix,
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Figure 5.2.7: Magnified expanded, and rotated.
Figure 5.2.8: Rotated but not sheared.
87
In order to make a three-dimensional picture
of the mapped figure, the other two dimensions
must be specified too. The depth must also be
mapped by setting z equal to cos(x). The new
surface is a cylinder, thus y remains unchanged.
F. Mapping Uses
Mapping may be used to compress the picture
of an object to fit into a particular space or
to emphasize some part while compressing the
rest. It may also be used to picture some com
plicated configuration which is more easily
defined in a rectangular coordinate system.
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